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1. Introduction
AHall triple system is a Steiner triple system (an STS) in which for every point x there exists an involutory automorphism
that fixes exactly the point x (cf. [3]). An affine triple system is an affine space over GF(3); it is also a Steiner triple system.
Elegant characterizations of the Hall triple systems (HTS) and of the affine triple systems (ATS) formulated in terms of
forbidden configurations were given in [6] and, with the full-length proofs in [7]. In the following theorem we quote the
relevant results:
Theorem 1.1 ([6, Theorems 2.1–2.3]). Let S be a Steiner triple system.
(i) S is an HTS iff it does not contain any C16 or CA subconfiguration.
(ii) S is an ATS iff it does not contain any C16, C1S or C
2
S subconfiguration.
(iii) An HTS is affine iff it does not contain any C1S or C
2
S subconfiguration.
The configurations in question are presented in Figs. 1 and 2 (the labelling of the points in the figures is given by us,
though the figures are carefully re-drawn after [6, Figs. 2 and 3]):
As we note in 2.1 that the existence of two of the considered configurations in an STS is equivalent, we are able to give a
more concise formulation of 1.1 (see 2.2).
2. Results
Let us visualize the C2S configuration as in Fig. 3. It is seen how similar the configurations C
2
S and CA are. And indeed,
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Fig. 1. The configuration C14 , the Pasch configuration C16 , and the mitre.
Fig. 2. The configurations C1S ,C
2
S , and CA .
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Fig. 3. The configuration C2S , another visualization.
Theorem 2.1. An STS S contains C2S iff it contains CA.
Sketch of Proof. Let a, b be points of S; then a} b = a for a = b and a} b is the third point of the block of Swhich contains
a, b for a ≠ b.
Assume that S contains a CA configuration with the points labelled as in Fig. 2. Set q′ := c1} c2. Suppose that q′ = p, then
q = c2}p = c2}q′ = c1, so q′ ≠ p. Analogously, in turn we get q′ ≠ q, ci, ai, bi, i = 1, 2. Let r = q′}p. It is straightforward
that r ≠ p, q′, ai, bi, ci, i = 1, 2. Finally, the points {p, ai, bi, ci, q′, r: i = 1, 2} yield the C2S configuration.
Assume that S contains a C2S configuration with the points labelled as in Fig. 2 (or 3). In particular, the points involved
are pairwise distinct. Set q′ := p } c2. By elementary reasoning, as above, we get, in turn, q′ ≠ p, ci, ai, bi. The points
{p, ai, bi, ci, q′: i = 1, 2} yield the CA configuration. 
As an immediate consequence of 2.1 together with 1.1(i) for (i) below and 1.1(ii) for (ii) below we get
Corollary 2.2. (i) An STS is an HTS iff it does not contain any C16 or C2S subconfiguration.
(ii) An HTS is affine iff it does not contain any C1S subconfiguration.
3. Comments
Much was said about characterizations of Hall and affine triple systems in terms of algebra, in many contexts; let us
quote, as an example, [8,4,1,2], or [11] (warning: ‘affine’ means ‘Hall’ therein) and bibliographies cited in the papers. Let
S be the point set of an STS S. The algebra ⟨S,}⟩ (a Steiner quasigroup, associated with S) used in the proof of 2.1 and the
equivalent loop ⟨S ∪ {θ}, ∗⟩where a ∗ b = a} b for a ≠ b, a, b ∈ S and a ∗ a = θ , θ is the ‘zero’ outside S, are standard tools
in the study of Steiner triple systems (see e.g. [9]).
(1) The (projective) Veblen axiom i.e. the requirement that the Pasch configuration closes corresponds to the algebraic law
a } b = (p } a) } (p } b) (1)
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valid for all pairwise distinct points p, a, b. Clearly, an STS S does not contain C14 iff for every noncollinear triple p, a1, b1
the blocks {a1, b1, a1 } b1} and {p } a1, p } b1, (p } a1) } (p } b1)} have a point in common i.e. iff S satisfies the Veblen
Axiom. As the Veblen Axiom (plus axioms of linear spaces with the lines of size≥ 3) characterizes exactly the projective
spaces, the Theorem 1.1 of [6] appears a direct consequence of (‘synthetic’) projective geometry.
(2) The Hall requirement: on each point x there is a reflection actually means that the map a → x} a is an automorphism of
the underlying STS, so it is equivalent to the known algebraic law of distributivity for quasigroups:
x } (a } b) = (x } a) } (x } b) (2)
valid for all a, b (cf. e.g. [11,2]). ‘Drawing’ (2) directly leads to the ‘mitre’ configuration. And both CA and C2S state, in fact,
that the points x, a } b, (x } a) } (x } b) (substitute a := a1, b := b1, a } x = a2, b } x = b2) are not in a block, so they
violate (2).
(3) The C1S configuration is, actually, an anti-net configuration. In our terminology the net configuration is C
1
S with the points
c1 and c2 identified. The ‘‘affine axiom’’ which states that C1S does not exist corresponds to the algebraic law
(a } b) } (c } d) = (a } c) } (b } d). (3)
Various names are used for a structure that satisfies (3); frequently it is called medial or metabelian, cf. [5]. Axiom (3)
appears also fundamental in the abstract theory of the (geometric) midpoint algebra (cf. [10, Ch. 5, Sec. 5.2])
(4) Note, that ‘‘forbidden configurations approach’’ need not be equivalent to any suitable equational condition. E.g. an STS
S does not contain any Pasch configuration C16 iff the Eq. (1) does not hold in S for any suitable points. That is for p, a, b
not in a block we have (p } a) } (p } b) ≠ a } b; it is not necessarily true that, e.g., (p } a) } (p } b) = p } (a } b) in
that case, though.
Note that, a Fano projective space may serve as an example of an STS which does not contain C1S and which does not
satisfy Eq. (3).
Our deliberations lead also to the following observation
Proposition 3.1. An STS is affine iff it satisfies (3).
Proof. It is clear that an ATS satisfies (3): it suffices to recall that the formula for } over AG(n, 3) is a } b = 2a+ 2b (vector
addition used).
Let an STS S contain C1S , then, clearly (a1 } a2) } (a3 } a4) ≠ (a1 } a4) } (a2 } a3) and thus S does not satisfy (3). Let S
contain C2S , then (a1 } b1) } (a2 } b2) = q ≠ p = (a1 } a2) } (b1 } b2) and, again, (3) fails. Let, finally, S contain C16, then
(p } a2) } (p } b2) = c ≠ (p } p) } (a2 } b2), so (3) is not valid. In view of 1.1(ii), this proves our claim. 
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